Introduction
This paper is a part of a project devoted to (2, 3)-generation of matrix groups over the ring of integers. It is a continuation of the research started in [4] , [5] . The reader may consult these papers for further references.
The main result of the paper can be summarized as follows.
Theorem 1. The groups GL(5, Z), SL(5, Z), PSL(6, Z), GL(7, Z), SL(7, Z) are (2, 3)-generated, that is they can be genereted by an involution and an element of order 3.
A similar result for GL(6, Z) was obtained by the author in [5] . The results of the present paper together with previously known ones (see [3] ) give a strong evidence that we can completely solve the problem of (2, 3)generation of SL(n, Z), GL(n, Z).
In the case n = 5 we are able to do even more than stated in the main theorem. In addition, it is possible to classify all pairs of (2, 3)-generating matrices up to simultaneous conjugation. One can also expect a similar result for the group SL(n, Z), However, the author was unable to resolve 3 cases out of 8 left in [4] .
Throughout this paper we use the following notation. As usual, e ij , 1 ≤ i, j ≤ 6 is the standard basis of the matrix algebra, and t ij (ξ) is the elementary transvection
The identity matrix of size n will be denoted as I n (or simply I if its size is clear from the context).
It is well known that, for n ≥ 3, the group SL(n, Z) is generated by the transvections t ij , 1 ≤ i = j ≤ n;
see [1] . We shall often use this fact later without further mentioning. The main ingredient of the proof is to find enough transvections within x, y . The amount of work can be reduced if we use the following commutator identity (1), (1) which is valid for pairwise distinct i > 1, k > 1, i = k, Finally, for an odd n, the groups SL(n, Z), and GL(n, Z) can be considered simultaneously as the following easy lemma shows. Lemma 1. Let x, y ∈ GL(n, Z), and x 2 = y 3 = I. We have x, y = GL(n, Z) if and only if −x, y = SL(n, Z).
Proof. Clearly, det y = 1, and det x = − det(−x). It is well known that SL(n, Z) is the derived subgroup of GL(n, Z) (or SL(n, Z)). Now the result follows from the observation that for any two words g 1 (x, y), g 2 (x, y) we have [g 1 (x, y), g 2 (x, y)] = [g 1 (−x, y), g 2 (−x, y)].
2 SL(7, Z) Theorem 2. The groups SL(7, Z) and GL(7, Z) are (2, 3) generated. More precisely, let
, Then x 2 = y 3 = 1 and x, y = SL(7, Z), −x, y = GL(7, Z).
The way of finding the above generators is similar to that used for GL(6, Z) in [5] . 
Now notice that z 34 := xz −1 32 xz 3 1 = t 41 (1).
Using (11), (12), (13), (15), we conclude that
Relations (2)-(4), (6), (7), (9), (10), (14), (16), and (17)- (19) show that x, y contains the trasvections t i1 (1), t 1k (1) for any i, k ∈ {2, 3, 4, 5, 6, 7}. The commutator identity (1) implies that t ik (1) ∈ x, y for any i, k, i = k. Therefore, x, y = SL(7, Z). The equality −x, y = GL(7, Z) follows now from Lemma 1.
3 PSL(6, Z)
. Then x 2 = −I, y 3 = I and the projective images of x and y generate PSL(6, Z). In particular, PSL(6, Z) is (2,3)-generated.
We consider the following matrices
Next, we define
Clearly, h 7 ,. . . ,h 15 generate an abelian subgroup of t 31 (1), t 41 (1), t 51 (1), t 61 (1), t 32 (1), t 42 (1), t 52 (1), t 62 (1) .
What is less trivial, these two groups coincide. Indeed, we have = t 62 (1). Now, we use these matrices to find more transvections in x, y . Let us consider
We already have that t 6j (1), t j6 (1) lie in x, y for any j = 1, . . . , 5. Using identity (1) we conclude that t ik (1) ∈ x, y for any i, k with i = k. Therefore, x, y = SL(6, Z), and the projective images of x and y generate PSL(6, Z).
SL(5, Z)

General observations
The problem of (2, 3)-generation of the group GL(5, Z) was considered first in [2] , where the following reduction theorem was proved.
Theorem 4. Assume that GL(5, Z) is (2, 3)-generated. Then a pair of (2, 3)-generating matrices can be conjugated to one of the following pairs:
where the set (a 1 , a 2 , a 3 , a 4 ) is one of the following sets:
Moreover, there are only 5 independent cases instead of 10. Indeed, two pairs X, Y and X, Y 2 generate or do not generate GL(5, Z) simultaneously. The sets in the statement of the theorem are arranged in the following way. In each line the first set of parameters corresponds to some pair X, Y ; the second corresponds to a pair of matrices which are conjugate to X, Y 2 . Thus, it is enough to consider only one quadruple in each line.
It turns out that in three cases the corresponding matrices generate GL(5, Z); see Theorems 5, 6, and 7 below. In the remaining two cases the corresponding matrices generate proper subgroups of GL(5, Z). In the present paper we concentrate on results in the positive direction. The proofs of negative results will be published in another paper.
The first generating set
Case 1: a 1 = 1, a 2 = −1, a 3 = −2, and a 4 = −2.
For some technical reasons it is more convenient to work with conjugates of X and Y instead of X and Y themselves. Let
and set
Theorem 5. Let x, y be as in (20)-(21). Then x, y = GL(5, Z), −x, y = SL(5, Z).
The key step in the proof will be the following Lemma.
Proof. In what follows, by h with subscripts we denote elements of G that do not depend on a, by z with subscripts we denote elements that depend on a. Let z 1 := t 51 (a). Set
In a similar way, set
Using them we find
Finally, let us consider
h 17 := xyxy 2 (xy) 3 (xy 2 ) 2 (xy) 2 (xy 2 ) 2 (xy) 2 (xy 2 ) 2 , h 18 := h 17 xh −1 17 , z 32 := h 18 z 12 h 18 z 12 z 27 z 29 = t 35 (a).
It follows from the assumption t 51 (a) ∈ x, y and from (24)-(42) that x, y contains all elementary transvections of level a: t ij (a), 1 ≤ i = j ≤ 5.
Now we are able to prove Theorem 5.
Proof of Theorem 5. We keep the notation used in the proof of Lemma 2.
First of all notice that h 1 defined by (22) satisfies
In addition, the matrix h 3 , which was defined by (23) has a relatively simple shape:
Our next aim is to find more block-triangular matrices. Set
The matrix h 19 considered modulo 3 is a lower block-triangular matrix. This suggests that we can obtain an integral block-triangular matrix using h 19 and transvections of level 3. Namely, set Now, h 21 is a block-triangular matrix. Consider
It is not too difficult to verify that 
By Lemma 2, all transvections t ij (1), 1 ≤ i = j ≤ 5 lie in x, y . Therefore, x, y contains SL(5, Z). Since x, y also contains a matrix of determinant −1 (e.g., x), the group x, y coincides with GL(5, Z). By Lemma 1, −x, y = SL(5, Z). Again, it is more convenient to work with conjugates of X and Y . Let
The second generating set
Theorem 6. Let x, y be as in (43)-(44). Then x, y = GL(5, Z), −x, y = SL(5, Z).
First of all we need the following auxilliary lemma.
Lemma 3. Let G ≤ GL(5, Z). If G contains x, y and t 32 (a) for some a ∈ Z then it also contains t 12 (a), t 42 (a), and t 52 (a).
Proof. As before, by h with subscripts we denote elements of G that do not depend on a, by z with subscripts we denote elements that depend on a. Set This proves the lemma.
Proof of Theorem 6. Our first aim is to find enough matrices of the shape
We start with three matrices of a slightly more general shape. Namely, we where the coefficients k ij are given in Table 1 ?? In particular, h 8 ,. . . ,h 15 commute and we can use their combination to find an elementary transvection of level 2: (46) (Clearly, h 1 is an involution and we can write h 1 instead of h −1 1 . However, here we prefer to keep h −1 1 in order to emphasize that the above expression for h 18 is a product of conjugates of h 17 .)
Now we use suitable conjugates of h 16 in order to find more transvections. We take h 19 := y 2 (xy 2 ) 5 xy(xy 2 ) 2 , h 20 := yxy 2 x(yx) 3 (y 2 x) 4 y 2 , h 21 := yxy 2 x(yx) 2 y 2 xyx(y 2 x) 2 (yx) 3 (y 2 x) 5 (yx) 3 (For further purposes h 46 is a little bit more convenient than, say, I + e 31 + e 41 + e 51 , which can be also obtained in a similar way. For instance, xh 46 x has a simpler shape; see also the definition of h 47 below.) Now take 
Combining this with (52) and again using commutator identity (1) we conclude that x, y contains all transvections t ij (1), 1 ≤ i = j ≤ 5. Therefore, x, y contains SL (5, Z) . Since x, y also contains a matrix of determinant −1 (e.g., x), the group x, y coincides with GL(5, Z). By Lemma 1, −x, y = SL(5, Z).
The third generating set
. Case 3: a 1 = 1, a 2 = −1, a 3 = 1, and a 4 = −3. sl5z-103.txt Again, it is more convenient to work with conjugates of X and Y . Let
Theorem 7. Let x, y be as in (54)-(55). Then x, y = GL(5, Z), −x, y = SL(5, Z).
Proof. First of all we find suitable elementary transvections of level 2. We start with the following matrices. (2), i = 1, 3, 4, 5, do. More precisely, (2) . There is a similar expression for t 54 (2). However, we omit it here as it is not used later. 
